For the nite Schur (dmKdV) ows, a nonlocal Poisson structure is introduced and shown to be linked via B acklund-Darboux transformations to linear and quadratic Poisson structures for the Toda lattice. Two di erent Lax representation for the Schur ows are used, one to construct B acklund-Darboux transformations, the other to solve the Cauchy problem via the trigonometric moment problem.
Introduction
In this paper we deal with the system of nonlinear di erential-di erence equations ). We will use the latter name because of the connection between (1.1) and the Schur parameters for the trigonometric moment problem.
Equations (1.1) rst appeared in 1]. They belong to the family of integrable nonlinear di erentialdi erence equations, whose most famous representatives are the Toda lattice equations _ a n = a n (b n+1 ? b n ); _ b n = a n ? a n?1 (1.2) and the Volterra (or Kac-van Moerbecke) lattice _ n = n ( n+1 ? n?1 ) (1.3) Construction and study of the Poisson geometry of B acklund-Darboux transformations between integrable lattice equations attracted a lot of attention lately (see e.g. 8] , 11], 13]). Our aim is to introduce a nonlocal Poisson structure for the Schur ows (1.1), that can be linked to both linear and quadratic compatible Poisson brackets for the Toda lattice.
This structure is de ned in section 2, where we also discuss relations between two Lax representations for the Schur ows. One of these representations, where the Lax matrix is Hessenberg allows one to solve initial value problem for the nite or semi-in nite Schur ows using the trigonometric moment problem. This approach, similar to the treatment of the Toda lattice and the moment problem on the line (cf. 4], 5]), is described in section 3.
The second Lax representation for the Schur ows, which involves a tridiagonal Lax operator, is more suitable for construction of Darboux type transformations that map solutions of the Schur ows into solutions of the Volterra lattice. Properties of these transformations w.r.t. the nonlocal Poisson structure for the Schur ows are studied in section 4.
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We now de ne a non-local skew-symmetric bracket for i : Proof. First note, that for any pair of functions f; g a skew-symmetric bracket of the form
extended via the Leibnitz rule satis es the Jacobi identity and, thus, de nes a Poisson bracket. This can checked through a straightforward though tedious computation. We assume that n = det T n 6 = 0 Other Poisson brackets for~ i can be computed similarly. 2 The B acklund transformation ( i ) ! i can be found, e.g. in 13], whereas the transformation ( i ) !~ i is, to the best of our knowledge, new. A superposition of any of these maps with the Miura transformation (4.1) transform a solution of the nite Schur ows into a solution of the nite non-periodic Toda lattice. Moreover, it follows from Lemma 4.1 and Proposition 4.2 that nonlocal Poisson structure (2.11) is connected with both linear and quadratic Poisson structures for the Toda lattice.
